Abstract: In this paper we discuss the relation between the (1+1)D nonlinear Schrödinger equation and the KdV equation. By applying the boson/vortex duality, we can map the classical nonlinear Schrödinger equation into the classical KdV equation in the small coupling limit, which corresponds to the UV regime of the theory. At quantum level, the two theories satisfy the Bethe Ansatz equations of the spin-1 2 XXX chain and the XXZ chain in the continuous limit respectively. Combining these relations with the dualities discussed previously in the literature, we propose a duality web in the UV regime among the nonlinear Schrödinger equation, the KdV equation and the 2D N = (2, 2) * topological Yang-Mills-Higgs theory.
Introduction
The (1+1)D nonlinear Schrödinger equation (NLS) and the Korteweg-de Vries equation (KdV) are two well-studied and intimately related integrable models. They share many properties both at the classical level and at the quantum level. Some previous studies have found their relation in some limits. For instance, it is known that using a certain Ansatz the nonlinear Schödinger equation can be approximated by the KdV equation [1] . In this paper, we would like to pursue their relation from some new perspectives, e.g. the boson/vortex duality [2] [3] [4] [5] .
In principle, the nonlinear Schrödinger equation can be generalized to the dimensions other than (1+1)D. The (3+1)D nonlinear Schrödinger equation is also called the GrossPitaevskii equation. It was shown in Refs. [2, 3] that using the boson/vortex duality one can map the Gross-Pitaevskii equation into an effective closed string theory. Recently, in Refs. [4, 5] this (3+1)D duality was generalized to include boundaries, and the dual theory is an effective open string theory. The same steps can be repeated in (1+1)D, however, instead of an effective string theory the dual theory is another scalar field theory, and the bulk equation of motion in a certain limit becomes the KdV equation. Therefore, the boson/vortex duality helps us relate two apparently different integrable models.
At quantum level, the quantum KdV equation was first studied in Refs. [6] , where it was shown that the quantum KdV equation can be obtained from a conformal field theory.
Later, the Bethe Ansatz equation for the quantum (modified) KdV equation was found in Refs. [7] [8] [9] , which can be viewed as the continuous limit of the spin-1 2 XXZ chain. On the other hand, it was known before that the quantum nonlinear Schrödinger equation can be viewed as the continuous limit of the spin-1 2 XXX chain [10, 11] . Hence, in the small anisotropy limit of the spin- Besides the relation between integrable models, in recently years people have also found many relations between integrable models and gauge theories. In particular, in Refs. [12, 13] it was found that the quantum nonlinear Schrödinger equation is dual to the 2D N = (2, 2) * topological Yang-Mills-Higgs theory, which was constructed in Ref. [14] . Therefore, we can propose a duality web with the KdV equation in the UV regime.
There are some alternative ways of obtaining the quantum KdV equation. One possible way is to take the hydrodynamic limit of the elliptic Calogero model, in which the particle number N → ∞. The interaction of the obtained theory has both real periods and imaginary periods. By taking different limits of the imaginary periods, one obtains the Benjamin-Ono equation (BO) and the KdV equation [15] . One can also consider the elliptic generalization of the BO equation, which is the intermediate long wave eqation (ILW). The Bethe Ansatz equation of the ILW equastion was studied in Ref. [16] .
Recently, it was also proposed to use the Bethe/Gauge correspondence to study the ILW equation, whose dual theory is a 6-dimensional supersymmetric gauge theory [17, 18] . Although in this way, one can obtain the same Bethe Ansatz equation as in Ref. [16] , at the moment it is still not very clear how to obtain the quantum KdV equation by taking an appropriate limit. This paper is organized as follows. In Section 2 we briefly review some known facts about the classical nonlinear Schrödinger equation and the KdV equation. After generalizing the boson/vortex duality to the (1+1) dimensions, we discuss that the bulk equation of motion for the dual theory becomes the classical KdV equation in some limit. The previously known relation between these two theories in the literature will also be recalled. In Section 3, we move on to the discussion of the quantum case. We start with a review on the known facts about the quantum KdV equation. After that we discuss how the quantum KdV equation and the quantum nonlinear Schrödinger equation can be viewed as the continuous limits of the spin- 
Classical NLS and KdV
In this section, we would like to discuss the (1+1)D classical nonlinear Schrödinger equation and the classical KdV equation as well as their relations. It is known previously in the mathematical literature that one can obtain the classical nonlinear Schrödinger equation from the classical KdV equation using a certain Ansatz. As we will discuss in this sec-tion, it turns out that the so-called boson/vortex duality can map the classical nonlinear Schrödinger equation back into the KdV equation in a quite unexpected way.
Review of the Theories
Before we discuss the relation between the classical nonlinear Schrödinger equation and the classical KdV equation, let us briefly review these theories in this subsection.
The (1+1)D nonlinear Schrödinger equation (NLS) is
The Hamiltonian of the theory is given by
where the field φ has the Poisson structure
In (1+1)D, this theory is integrable both at the classical level and at the quantum level. For the attractive interaction, i.e. c < 0, the nonlinear Schrödinger equation has the so-called bright soliton solution. In the literature it was known that for the attractive interaction, the quantum N particles become N solitons when N is large [19, 20] . Let us briefly recall some facts in the following.
A bright soliton solution to the nonlinear Schrödinger equation (2.1) is given by
One can also generalize this solution to the N coincident solitons, which is
The general N -soliton solution can be found using the inverse scattering method [21] . When the N solitons are well-separeted, the solution is given by [22] :
where
with x j = x 0 j + p j t and ψ j = ψ 0 j + p j x + t(A 2 j − p 2 j )/2 denoting the position and the phase of the i-th soliton respectively. A j is the size, while Φ j and q j are the phase shift and the collisional position shift respectively. They satisfy 
It has the so-called dark soliton solution:
By doing a Galilean boost, one can also obtain the moving grey soliton solution. The Korteweg-de Vries equation (KdV) is another well-known integrable model. It can be written as 11) where the subscripts denote the derivatives. It has the simple soliton solution: 12) where k i and η (0) are constants. To find its N -soliton solution, one can apply the finite pole expansion [23, 24] :
Plugging this Ansatz into Eq. (2.11), one obtains
(2.14)
By setting x = x I + ( → 0) and letting the terms ∼ 1/ 3 , ∼ 1/ 2 vanish, one can obtaiṅ 15) and
These equations correspond to a N -body system given by the Hamiltonian
(2.17)
Through the so-called Miura transformation, the KdV equation can also be brought into the modified KdV equation (mKdV). If we start with the KdV equation (2.11): 18) and changing the sign u → −u leads to
The Miura transformation
maps the special form of the KdV equation (2.19) into the defocusing mKdV equation:
A different Miura transformation 22) relates the focusing mKdV equation:
with the complex KdV equation:
Boson/Vortex Duality
The (3+1)D nonlinear Schrödinger equation is sometimes also called the Gross-Pitaevskii equation, and in principle it can be defined in dimensions other than (3+1)D. It was shown in Refs. [2, 3] that the (3+1)D Gross-Pitaevskii equation can be mapped into an effective string theory through the so-called boson/vortex duality. Recently, this duality was also generalized to include dark solitons as boundaries [4, 5] .
In this section we show how to derive the dual theory action from the Gross-Pitaevskii equation in (1+1) dimensions. The steps are similar to (2+1) dimensions [25] or (3+1) dimensions [3] . We choose the coordinates (t, z).
Let us start with the (1+1)D Gross-Pitaevskii Lagrangian:
Varying it with respect to φ † , we obtain a version of the Gross-Pitaevskii equation:
We parametrize φ as 27) where η is the Goldstone boson, and ρ can be thought of as the Higgs boson. It is easy to derive
Hence, the original Gross-Pitaevskii Lagrangian (2.25) becomes
If we drop the first term as a total derivative, and define
then the Lagrangian can be written as
Pay attention to that in Eq. (2.27) the field η takes values in R/2πZ, but now we temporarily release this condition, and it has values in R. The constraint will be imposed later, which will bring another piece to the theory. We see that the term −ρη in L 1 is not written in a Lorentz-invariant way. We can complete ρ to a two-vector f µ = (ρ, f ), where ρ is its zeroth component, and f is an auxiliary field. Then one can show the following identity:
If we define the path integral measure to be
Integrating η out, we obtain
which can be solved locally by
with H = dB. Using this expression of f µ , we obtain
To rewrite L 2 we first split B into the background part and the fluctuation part:
and correspondingly,
we can rewrite L 2 as
Consequently,
It was discussed in Ref. [3] that, when one is interested in the IR regime of the theory, the term ∼ (∂ z h 1 ) 2 can be dropped, because it contributes to the dispersion relation only in the UV regime:
If we are only interested in IR physics, we can drop the higher-order terms. Let us return to the point that the theory should be invariant under η → η + 2π, which we have not taken into account so far. The difference comes in Eq. (2.37). Now we cannot simply integrate out η, instead
where we can only integrate out η smooth , which still induces the constraint
where X µ denote the position of the singularity or the vortex. Formally, one can write its integral as
(2.51) with µ 1 = 2π. Therefore, in the IR regime the theory can be approximately written as
In order to perform calculations that can be compared with real systems, one can also add a string tension term by hand like in Refs. [2, 3] . The Gross-Pitaevskii equation, or the nonlinear Schödinger equation, is an integrable model in (1+1)D. Hence, we expect the integrability also on the dual model side. Therefore, we would like to study the full dual theory without neglecting the term ∼ (∂ z h 1 ) 2 as in Eq. (2.52), and the full effective action is
We will derive the bulk equation of motion and see its classical integrability in the next subsection.
Classical Integrability of the Dual Model
Since the (1+1)D nonlinear Schrödinger equation is an integrable model both at classical level and at quantum level, we expect the dual model obtained from the boson/vortex duality map should also be integrable at least at classical level. In this subsection, we discuss the classical integrability of the dual model. As we will see, in the weak coupling limit the dual model is in fact the classical KdV theory written in a less familiar form.
As we discussed in the previous subsection, after the boson/vortex duality map we obtain a new effective action (2.53):
We can collect all the terms depending on the fluctuation b:
where is a constant with the dimension of length. We choose , such that
Hence, the terms depending on b become
(2.56)
In the weak coupling limit g → 0, the coefficient outside the bracket in the expression above is approximately g, and the terms in Eq. (2.56) become
From these terms we can derive the equation of motion for b in the weak coupling limit (g → 0):
We then absorb the coefficient m into the definition of the time t, morover, we can introduce some dimensionful constants on both sides to make the variables (t, x) as well as the coefficients in front of eacth term dimensionless. For simplicity, we do not write these constants explicitly, but from now on all the parameters become dimensionless. Eq. (2.58) can be rewritten as 
Ref. [26] has demonstrated that in the weak coupling (γ 1) and weak dissipation limit the system is described by the KdV equation.
We should emphasize that in this paper we only consider the dual model in the weak coupling limit (g → 0). However, the integrability should hold in the full dual model without approximation. 1 Moreover, we only discussed the bulk equation of motion of the dual model, while in the presence of boundaries the dual model should be described by a matrix model. These perspectives of the dual model will be investigated in the future research.
KdV as an Approximation of NLS
It was studied in mathematical literature [1] that the KdV equation can also be viewed as an approximation of the nonlinear Schrödinger equation. We briefly review the results of Ref. [1] in this subsection.
Let us start with the KdV equation (2.11)
Next, one can adopt the following Ansatz:
66)
and
Plugging this Ansatz into Eq. (2.11), one obtains the following equations:
69) In Refs. [12, 13] it was shown that the quantum nonlinear Schrödinger equation is dual to the 2D topological Yang-Mills-Higgs theory. Hence, combining with the previous discussions, we expect a duality web in the UV regime among the quantum nonlinear Schrödinger equation, the quantum KdV equation and the 2D topological Yang-MillsHiggs theory. We will discuss the quantum KdV equation in Section 3 and some aspects of the duality web in Section 4.
Quantum KdV Equation
In this section, we present some aspects of the quantum KdV equation, which was studied in Refs. [6] .
Quantum KdV and Bethe Ansatz Equation
As discussed in Ref. [6] (see also Ref. [9] ), it is more convenient to quantize the classical KdV equation from its relation with conformal field theory.
For a general conformal field theory, the energy momentum tensor can be expanded as
where c is the central charge, and the operators L n satisfy the Virasoro algebra:
In the classical limit (c → −∞), one can make the following replacements:
Consequently, the Virasoro algebra becomes the second Hamiltonian structure of the KdV equation:
For the quantum KdV equation one can apply the Feigin-Fuchs transformation, which is the quantum counter-part of the Miura transformation:
ϕ(y) can be expressed in terms of free field operators: 7) and the operators satisfy the Heisenberg algebra: 8) [Q, a n ] = 0 , [P, a n ] = 0 .
(3.9)
One can define the following operator for the quantum KdV equation:
where E, F and H now are the generating elements of the quantum universal enveloping algebra U q (sl(2)):
with q = e iπβ 2 . The quantum R-matrix is then determined by the quantum Yang-Baxter equation
The transfer matrix can be defined as 14) and also the following functional relation
which is the same for the integrable XXZ model. Using the Feigin-Fuchs transformation one can map the quantum KdV equation into the quantum mKdV equation, whose algebraic Bethe Ansatz solution was presented in Ref. [7] . 2 Following the discussions in Ref. [7] , the Bethe Ansatz equation for the lattice regularized mKdV equation is given by 16) where q ≡ e −η , L and N are the site number and the particle number respectively, and κ appears in the generating function of the conserved quantities 
The spin-1 2 XXZ chain mode is defined by the Hamiltonian
We see that in the limit η → 0 or equivalently q → 1, the Bethe Ansatz equations (3.16) and (3.18) coincide, and the spin- 
Moreover, it is known that the lattice nonlinear Schrödinger equation can be viewed as a generalized spin-1 2 XXX chain model [10, 11] . Hence, we expect that in the small anisotropy limit η → 0, the Bethe Ansatz equation of the continuous mKdV equation coincides with the one of the continuous nonlinear Schrödinger equation:
In this case, the parameter η becomes the coupling constant g in the nonlinear Schrödinger equation (2.1). Hence, the small anisotropy limit η → 0 corresponds to the weak coupling limit or the small nonlinearity limit g → 0 for the nonlinear Schrödinger equation, which consequently corresponds to the UV regime based the discussions in Section 2.
Quantum KdV, Calogero-Sutherland Model and ILW Equation
There is an alternative way of obtaining the KdV equation from the Calogero-Sutherland model and the related the intermediate long wave equation (ILW), which was discussed in Ref. [15] . We briefly review this perspective of the KdV equation in this subsection.
As discussed in Ref. [15] , for the Calogero-Sutherland model (CSM) given by the Hamiltonian:
One can define the complex coordinates ω j (t) = e i 2π L x j (t) and the auxiliary coordinates
, where x j (t) and y j (t) denote real coordinates and auxiliary complex coordinates respectively. These coordinates determine two new functions:
where ω = e 
The functions u 0 and u 1 obey the analyticity conditions u 1 (x) analytic for Im(x) = 0 ; 27) and the reality condition
Assume ρ(x) and θ(x) to be the density field and the velocity field respectively in the thermodynamic limit N → ∞, L → ∞, N/L = const. In terms of ρ and v = g∂ x θ, one can define the right-and left-handed chiral fields:
where the superscript H denotes the Hilbert transform
By setting one of the chiral fields to be constant, e.g. J L = −πgρ 0 , one obtains from the 2BO equation the nonlinear chiral equation (NLC):
On the other hand, with the boundary conditions 
which is equivalent to the NLC equation, and becomes the conventional Benjamin-Ono equation (BO) when the deviation of the density is smaller than the average density, i.e. |ρ − ρ 0 | ρ 0 . Therefore, the NLC equation is a finite amplitude extension of the BO equation, while the 2BO equation is an integrable bidirectional finite amplitude extension of the BO equation.
The discussions above can be generalized to the elliptic Calogero model, where the interaction between particles is the Weierstrass ℘(x|ω 1 , ω 2 )-function with a purely real period ω 1 and a purely imaginary period iω 2 . The Hilbert transform is taken with respect to a strip 0 < Imx < ω with an imaginary period ω: 
When δ → ∞, the ILW equation becomes the BO equation, while in the limit δ → 0 the ILW equation becomes the KdV equation. We propose that the parameter δ can be identified with the imaginary period ω 2 in the elliptic Calogero model discussed above. The Bethe Ansatz equation of the ILW equation was studied in Ref. [16] and also through the Bethe/Gauge correspondence in Ref. [17] . Recently, it was generalized to the finite difference case ∆ILW [18] , which can be viewed as the hydrodynamic limit of the Ruijsenaars-Schneider model. However, as discussed in Refs. [16, 18] , for the moment it is still not very clear how to obtain the Bethe Ansatz equation of the quantum KdV equation from the one of the ILW equation by taking an appropriate limit. Although there are some proposals, it is still an open problem under research.
Duality Web

Review of Gerasimov/Shatashvili Duality
The 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory (TYMH) was first constructed in Ref. [14] . It is given by the path integral
3)
In the absence of the deformation term c Tr(Φ ∧ * Φ) the theory preserves N = (4, 4) supersymmetry. For generic values of c = 0 the theory preserves N = (2, 2) supersymmetry, and the N = (2, 2) supersymmetry transformations are given by
This theory can also be understood as the dimensional reduction of the 4D topologically twisted N = 2 U (N ) super Yang-Mills theory with a deformation term. Using the technique of cohomological localization, one can compute the partition function of the 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory exactly:
where p k (λ) is defined as 10) and the factor D λ is given by 11) while R N denotes the set of λ i 's satisfying the Bethe Ansatz equation:
For the (1+1)D quantum nonlinear Schrödinger equation, if we consider the N -particle sector in the domain x 1 ≤ x 2 ≤ · · · ≤ x N , the N -particle wave function satisfies the equation
where λ i denotes the momentum of the i-th particle, which satisfies the same Bethe Ansatz equation:
From this analysis, we see the equivalence between the wave function of the 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory and the wave function of the (1+1)D quantum nonlinear Schrödinger equation in the N -particle sector. Hence, the duality between these two theories at quantum level is implied.
Duality Web with KdV
Based on the discussions in Section 2 and 3, we can incorporate the quantum KdV equation into the duality discussed in Refs. [12, 13] , which is briefly reviewed in the previous subsection. In the UV regime, the classical (m)KdV equation is dual to the classical nonlinear Schrödinger equation, while the quantum (m)KdV equation and the quantum nonlinear Schrödinger equation share the same Bethe Ansatz equation as the continuous limit of the spin-1 2 XXZ chain in the small anisotropy limit (η → 0) or the continuous limit of the spin-1 2 XXX chain. To summarize, in the UV regime we have not only the duality between the nonlinear Schrödinger equation and the 2D N = (2, 2) * topological Yang-Mills-Higgs theory, but also a duality web among the nonlinear Schrödinger equation, the KdV equation, the 2D N = (2, 2) * topological Yang-Mills-Higgs theory, with the duality between each of them. Schematically, the duality web can be shown in Fig. 1 . 
Discussion
In this paper we discussed the relation between the (1+1)D nonlinear Schrödinger equation and the KdV equation both at the classical level and at the quantum level. We see that they share many properties especially in the UV regime. Some connections with the 2D N = (2, 2) * topological Yang-Mills-Higgs theory were also discussed.
There are many open problems that deserve more detailed research in the future. First, we would like to analyze the integrability of the full dual model obtained from the boson/vortex duality of the nonlinear Schrödinger equation. Also, besides the bulk theory, the matrix model obtained by including the boundary into the dual model is also worth studying. To understand this new matrix model can possibly deepen our previous knowledge on the KdV equation as a matrix model.
As we mentioned in Section 3, it is still not very clear how to obtain the quantum KdV equation by taking an appropriate limit of the intermediate long wave equation (ILW). It would be very interesting to have a better understanding on this problem, which will consequently allow us to study the quantum KdV equation and understand its relation with the nonlinear Schrödinger equation in the gauge theory via the Bethe/Gauge correspondence.
It is known that a great amount of integrable models can be obtained from dimensional reduction of the 4D self-dual Yang-Mills theory [27] . In particular, the nonlinear Schrödinger equation and the KdV equation belong to the same class in the dimensional reduction. This approach may provide us with a new perspective of the relation between these two theories, i.e., the correspondence can be understood in a geometrical way.
Moreover, it was suggested in Ref. [12] to use the Nahm transformation to understand the duality between the nonlinear Schrödinger equation and the topological Yang-MillsHiggs theory. Based on the discussions in this paper, it is natural to expect that one can also repeat the Nahm transformation analysis for the KdV equation, which we would like to investigate soon.
